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Abstract: We consider a Friedmann model of the universe with bulk viscous matter and
radiation as the cosmic components. We study the asymptotic properties in the equivalent
phase space by considering the three cases for the bulk viscous coecient as (i)  = 0,
a constant (ii)  = 0 + 1
_a
a , depending on velocity of the expansion of the universe and




_a , depending both on velocity and acceleration of the expansion
of the universe. It is found that all the three cases predicts the late acceleration of the
universe. However, a conventional realistic behaviour of the universe, i.e., a universe having
an initial radiation dominated phase, followed by decelerated matter dominated phase and
then nally evolving to accelerated epoch, is shown only when  = 0, a constant. For the
other two cases, it does not show either a prior conventional radiation dominated phase or
a matter dominated phase of the universe.
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1 Introduction
From the observations on Type I a supernova [1, 2], it is clear that the present universe is un-
dergoing an accelerated expansion. This was further conrmed by the observations on cos-
mic microwave background radiations (CMBR) [3], large scale structure (LSS) [4], the Sloan
Digital Sky Survey (SDSS) [5], the Wilkinson Microwave Anisotropy Probe (WMAP) [6],
etc. Many models have been introduced to explain the current acceleration. Basically there
are two approaches | one is to propose suitable forms for the energy-momentum tensor
T in the Einstein's equation, having a negative pressure, which culminate in the proposal
of an exotic energy called dark energy. The second approach is to modify the geometry
of the space time in the Einstein's equation. Among the models of dark energy, the sim-
plest candidate is the cosmological constant [7]. However, it suers from the coincidence
problem and the ne tuning problem [8]. So as a result, dynamical dark energy models
such as quintessence [9{12], k-essence [13, 14] and perfect uid models (like Chaplygin gas

















f(R) gravity [17, 18], f(T ) gravity [19, 20], Gauss-Bonnet theory [21], Lovelock gravity [22],
Horava-Lifshitz gravity [23], scalar-tensor theories [24], braneworld models [25] etc., have
been proposed.
In the context of ination, many authors found that the bulk viscous uids are capable
of producing acceleration of the universe [26{28]. This idea was extended to explain the
late acceleration of the universe [29{33]. Of the uid dissipative phenomena, bulk viscosity
is the most favorable phenomenon, compatible with the symmetry requirements of the ho-
mogeneous and isotropic Friedmann-Lemaitre-Robertson-Walker (FLRW) universe. The
bulk viscosity can be considered as a measure of the pressure required to restore equilib-
rium when the cosmic uid expands in an expanding universe. In [34], the authors have
considered a mechanism for the formation of bulk viscosity by the decay of a dark matter
particle into relativistic products.
In an earlier work [36], we have analyzed the cosmic evolution of the bulk viscous
matter dominated universe with bulk viscous coecient  depending on both the velocity




_a , where a is the scale factor
of expansion of the universe. The model predicts the late acceleration of the universe with
transition redshift around zT  0:49. The model also predicts the present deceleration
parameter around  0:68, which is very much in agreement with the observational result,
around  0:64 [37]. The present paper concentrate on the phase space analysis of the model.
A phase space analysis of a cosmological model would indicate the dierent stages of the
universe like a) a radiation dominated phase, followed by b) a matter dominated phase,
and c) an accelerated expanding phase, corresponding to the existence of dierent critical
points. So doing a phase space analysis would clearly indicate whether the model predicts
the realistic picture regarding the evolution of our universe.
The paper is organized as follows: in section 2, we present the basic formalism of the
bulk viscous universe. In section 3, we consider a at universe containing bulk viscous
matter alone (neglecting radiation) and we estimate the values of the bulk viscous param-
eters corresponding to each case by contrasting the model with the Type I a supernova
data and presented the phase space analysis of the model. In section 4, we discuss a at
universe containing both the radiation and bulk viscous matter as the cosmic components
and did a phase space analysis of the model for each cases separately. Finally, we present
our conclusion in section 5.
2 Bulk viscous universe
We consider a spatially at universe described by the Friedmann-Lemaitre-Robertson-
Walker (FLRW) metric,
ds2 =  dt2 + a(t)2(dr2 + r2d2 + r2 sin2 d2) ; (2.1)
where t is cosmic time, a(t) is the scale factor and (r; ; ) are the comoving spacial co-
ordinates. Using the Eckart formalism [38], the eective pressure of the bulk viscous uid is

















where P is the normal kinetic pressure and  is the coecient of bulk viscosity. Let
us assume that bulk viscous uid is the non-relativistic matter with P = 0 and so the
contribution to eective pressure is only due to the negative viscous pressure. A more
general theory for bulk viscous stress was proposed by Israel and Stewart [39, 40] and one
could obtain the Eckart theory from it, in the limit of vanishing relaxation time. So, in
this limit, the Eckart theory is a good approximation to the Israel-Stewart theory. Eckart's
theory consider only the rst order deviation from equilibrium and neglects the second
order terms, while the theory developed by Israel and Stewart is a second order theory.
Even though Eckart theory suers from causality problems, it is the simplest alternative
and is less complicated than the Israel-Stewart theory. So it has been used widely by many
authors to characterize the bulk viscous uid. For example in refs. [29, 41{45, 48], the
Eckart approach has been used in dealing with the accelerating universe with the bulk
viscous uid. We followed the Eckart formalism for the viscous pressure.
The Friedmann equations describing the evolution of a at universe dominated with
















=  P  ; (2.4)
where we have taken 8G = 1,  is the density of the content of the universe and overdot
represents the derivative with respect to cosmic time t. The conservation equation is
_+ 3H (+ P ) = 0: (2.5)
From the Fluid mechanics, it is clear that the bulk viscosity coecient,  is related to
the rate of compression or expansion of the uid [49]. In the present model, the uid is
comoving with the expanding universe. So, the velocity and acceleration of the uid is the
same as that of the expanding universe, which are _a and a, respectively. Since there is no
conclusive microscopic theory to calculate the transport coecient, it is logical to consider
 to be depending on the velocity and acceleration, _a and a. The best way is to take a
linear combination of the three terms: the rst term a constant 0, the second proportional
to the velocity and the third proportional to the acceleration [36, 46, 50, 51] as,













On taking this form of time dependent bulk viscosity, the equation of state assumes the
most general form [46, 52{54],
Pe = !+ P0 + wHH + wH2H
2 + wdH _H : (2.7)
By comparing eqs. (2.7), (2.2) and (2.6), we could identify, wH =  30, wH2 =  3(1 + 2)

















In this paper, we consider in detail the following three cases.





_a , depending on both the velocity and acceleration of the expansion of the
universe.
Case 2 with ~2 = 0, so  = 0 + 1
_a
a , depending only on velocity of the expansion of the
universe and not on its acceleration.
Case 3 with ~1 = ~2 = 0, so  = 0, a constant
where we dene the dimensionless bulk viscous parameters ~0, ~1 and ~2 and the total








3 Flat universe with bulk viscous matter
In this section, we consider a universe dominated with matter (neglecting radiation). The





2 _H + 3H2 = HH0 ~ ; (3.2)






where H0 is the present value of the Hubble parameter and m is the matter density. Using
the expression for _H from eq. (3.2), we get the total dimensionless bulk viscous parameter























































The evolution of these parameters was studied and its present values was extracted in our
earlier work [36].
The evolution of Hubble parameter can be obtained from eqs. (3.2) and (2.6) by re-














~1 + ~2   3
#
: (3.9)
When ~0 = ~1 = ~2 = 0, H reduces to H0a
  3
2 , which corresponds to the ordinary matter
dominated universe. The Hubble parameter governs the behaviour of deceleration param-
eter and equation of state parameter.
3.1 Parameter estimation using Type Ia Supernova
In this section we estimate the values of ~0, ~1 and ~2 using SCP \Union" Type Ia Supernova
data [35] composed of 307 type Ia Supernovae from 13 independent data sets. In our earlier
work [36], we have extracted the values of ~0, ~1 and ~2 simultaneously. Here, in addition
to that we are evaluating the coecients as per the conditions mentioned in case 2 and
case 3 respectively.
In a at universe, the luminosity distance dL is dened as






where H is the Hubble parameter, c is the speed of light and z is the redshift. The
theoretical distance moduli t for the k-th Supernova with redshift zk is given as,





+ 25 ; (3.11)
where, m and M are the apparent and absolute magnitudes of the SNe respectively. Then







where k is the observational distance moduli for the k-th Supernova, 
2
k is the variance of
the measurement and n is the total number of data, here n = 307. The 2 function, thus
obtained is then minimized to obtain the best estimate of the parameters, ~0, ~1, ~2 and H0.




_a , we have evaluated the values of
~0, ~1 and ~2
simultaneously in reference [36]. For Case 1, we have considered both ~0 < 0 and ~0 > 0,
however both these cases leads to identical evolution for the total ~. For details refer [36].
In addition to this, we evaluate the values of the bulk viscous parameters corresponding to
the cases | case 2 and case 3. These values are given in the table 1. In order to compare
the results of the present model, we have also estimated the values for CDM model using
the same data set. We nd that the values of H0 and goodness-of-t 
2
d:o:f: for the CDM

















Cases Case 1 Case 2 Case 3 CDM
Conditions ~0 > 0 ~0 < 0 ~0 > 0 ~0 > 0 {
~0 7.83  4:68 6.26 1.92 {
~1  5:13 4.67  3:91 0 {
~2  0:51 3.49 0 0 {

m0 1 1 1 1 0.316
H0 70.49 70.49 70.49 69.61 70.03
2min 310.54 310.54 310.54 315.07 311.93
2d:o:f 1.02 1.01 1.02 1.03 1.02
Table 1. Best estimates of the Bulk viscous parameters and H0 and also 
2 minimum value
corresponding to the above dierent cases of . 2d:o:f =
2min
n m , where n = 307, the number of data
and m is the number of parameters in the model. The subscript d.o.f stands for degrees of freedom.
For the best estimation we have use SCP \Union" 307 SNe Ia data sets. The values of parameter
corresponding to the rst case is extracted in [36]. We have also shown the best estimates for the
CDM model for comparison, where 
m0 is the present mass density parameter.
3.2 Phase space analysis of bulk viscous matter dominated universe
It is dicult to solve exactly the cosmological eld equations with more than one cosmic
components. Often one make use of the dynamical system tools to extract the asymptotic
properties of the model. For this we write down the cosmological equations as a system
of autonomous dierential equations and then investigate the equivalent phase space of
the model. The critical points of these equations can be correlated with the solutions
of the cosmological eld equations and its stability can be determined by examining the
system obtained by linearizing about the critical point i.e., from the eigen values of the
corresponding Jacobian matrix. The rst step is to select suitable dynamic variables for
the phase space analysis. We consider u and v as the dimensionless phase space variables











These phase space coordinates are varying in the range 0  u  1 and 0  v  1.






Using Friedmann equations, conservation equation for matter and eq. (3.4), we can obtain

















~0 (1  v) +























where the prime denote the derivative with respect to ln a. Using eqs. (3.7) and (3.8), the

















The critical points (uc; vc) of the above autonomous equations eqs. (3.15) and (3.16)
can be obtained by equating u0 = 0 and v0 = 0. The stability of the dynamic system in
the neighbourhood of the critical point can be checked as follows. Linearize the system by
considering small perturbations around the critical point u! uc + u, v ! vc + v, which



















where the sux 0 denotes the value evaluated at the critical point (uc; vc). The Jacobian
matrix (22 matrix in the right hand side of the eq. (3.19)) for the autonomous equations







If the eigen values of the Jacobian matrix are all negative, then the critical point is stable
otherwise the critical point is generally unstable. If all the eigen values are positive then
the critical point is an unstable node and if there are both positive and negative eigen
values, then the critical point is a saddle point.
For autonomous equations (3.15) and (3.16), there are two critical points (uc; vc) :
1. (uc; vc) = (1; 1)
Here u = 1 implies a viscous matter dominated universe and v = 1 corresponds
either to H0 = 0 or H !1. Since H0 cannot be zero, this corresponds to the initial
singular state characterized with H ! 1. The Jacobian matrix corresponding to
this critical point can be obtained by putting u = 1 and v = 1 in eq. (3.20). The





~1 + ~2   3
~2   2
: (3.21)
Substituting the values of ~0, ~1 and ~2 from table 1, we get 1 = 3:88 and 2 = 3:44
for the rst condition (i,e., ~0 > 0) and 1 = 3:915 and 2 = 3:457 for the second
condition (i,e., ~0 < 0), which are almost the same except for the slight dierence
in the decimal places. Since both the eigen values are positive, the critical point is

















(uc; vc) 1 2 Stability ! q













deceleration parameter q (using eqs. (3.18) and (3.17)) are found to be around 1:3
and 2:4 respectively, for the two cases. This shows that in the early stage of the
evolution of the universe, bulk viscous matter will behave almost like a sti uid and
since ! > 1, it may possibly violates the causality [55].
2. (uc; vc) = (1;
~0
~0 (~1+~2 3)) = (1; 0:475)
This also corresponds to a matter dominated universe with H0H = 1:105. The eigen
values corresponding to this point are
1 =  
~1 + ~2   3
~2   2
; 2 =  3 : (3.22)
Using the values of bulk viscous parameters from table 1, we obtain 1   3:45
for the two conditions (i.e., for ~0 < 0 and ~0 > 0). Since the two eigen values are
negative, this critical point is a stable node and a future attractor. It is found that
!   1 and q   1 and it corresponds to de-Sitter phase.
The phase space plot for this case is shown in the gure 1. From the gure, it is clear
that the critical point (1,1) is an unstable past attractor as trajectories emerge from this
point. These emerging trajectories nally converges to the critical point (1,0.475), which
is the future attractor. So the phase plot analysis of this case suggest a universe which
begins from an initial singular state and ends on a de-Sitter type universe. This is almost
similar to the picture given by the CDM model, in which the universe evolves from an
initial singularity to a de Sitter phase through a matter dominated epoch. However, in the
initial singular phase, ! > 1, thereby having causality problem [55]. So this case cannot
be considered as physical. The critical points, their stability and the values of ! and q are
summarized in the table 2.
3.2.2 Case 2: with  = 0 + 1
_a
a
Using the friedmann equations and conservation equation for matter we get the autonomous
equation for this case as,












































Figure 1. The gure shows the phase space structure in the u   v plane corresponding to the




_a ). The critical point (1,1) in the upper right corner of the plot is a past
attractor and the point (1,0.475), below the rst critical point, is a future attractor. The direction
of the trajectories is shown by the arrow head.
In this case also there are two critical points (uc; vc) = (1; 1) and (1;
~0
~0 ~1+3). There
properties are discussed below:
1. (uc; vc) = (1; 1)
This is a matter dominated solution representing the initial singular state, since v = 1
implies H !1. The critical point is same as that in case 1. The eigen values of the




= 3:455; 2 =  ~1 = 3:91 : (3.24)
Since the eigen values are all positive, the critical point is an unstable node or can
be called as the past attractor. Thus it is a source point of any orbit in the phase
space. Using the values of bulk viscous parameters from table 1, we get ! = 1:3 and
q = 2:45 from eqs. (3.18) and (3.17), respectively. From these values it is clear that
the point represent a decelerated phase of the universe. However, this may violate
the causality condition since ! > 1.
2. (uc; vc) = (1;
~0
~0 ~1+3) = (1; 0:475)




=  3:455; 2 =  3; (3.25)
using the value of ~1 from table 1. Since the eigen values are negative, this solution
is a stable node and a future attractor. So all trajectories in the phase space tends to
meet at this point. The equation of state parameter ! and the deceleration parameter


























Figure 2. The gure shows the phase space structure in the u  v plane corresponding to the Case
2 ( = 0 + 1
_a
a ). The critical point (1,1) in the upper right corner of the plot is a past attractor
and the point (1,0.475), below the rst critical point, is a future attractor. The direction of the
trajectories is shown by the arrow head.
(uc; vc) 1 2 Stability ! q








Table 3. Critical points for case 2, with  = 0 + 1
_a
a .
The phase plot of this case is shown in gure 2. The phase space trajectories starts from the
critical point (1,1) and ends in the point (1,0.475) in the u-v phase plane. The behaviour
is same as that in the rst case. The results are summarized in table 3.
3.2.3 Case 3: with  = 0
In this case, the autonomous equation reduces to,



















There exists two critical points:
1. (uc; vc) = (u; 1)
Here we see that the u coordinate is variable, which can assume any values ranging
from 0 to 1, while v coordinate is a constant having value 1. As a result the critical


























Figure 3. The gure shows the phase space structure in the u   v plane corresponding to the
Case 3 ( = 0). The direction of the trajectories is shown by the arrow head.




= 1:5; 2 = 0 : (3.27)
Since these values are positive, it is unstable. The value of equation of state parameter
and the deceleration parameter are ! = 0 and q = 0:5. From these values it is clear
that it represents a matter dominated decelerated phase of the universe. Unlike the
other two cases, where the values of ! corresponds to a sti uid, here in this case the
value of ! indicates the non-relativistic dark matter causing a usual decelerated phase.
2. (uc; vc) = (1;
~0
~0+3
) = (1; 0:39)
This corresponds to a matter dominated universe with H0H = 1:564, representing the
future phase of the universe. The eigen values are,
1 =  3
2
=  1:5; 2 =  3 : (3.28)
The point is stable since both the eigen values are negative. The values of the equation
of state parameter and the deceleration parameter are !   1 and q   1, which
corresponds to a de Sitter phase.
The phase plot diagram is shown in gure 3. From the gure it is clear that the phase space
trajectories originate from the non-isolated critical point (or rather a critical line), which
is a past attractor (representing the matter dominated decelerated epoch of the universe).
These trajectories nally converge to the stable critical point (1,0.39), representing the
de-sitter phase. This is similar to the behaviour of the CDM model. The results of the

















(uc; vc) 1 2 Stability ! q
(u; 1) 1.5 0 Unstable, Past attractor 0 0.5
(1; 0:39)  1:5  3 Stable, future attractor  1  1
Table 4. Critical points for case 3, with  = 0.
4 Universe with bulk viscous matter and radiation
The realistic picture of the universe have a radiation dominated phase followed by matter
dominated epoch and a late accelerated epoch. Inorder to know whether the bulk viscous
model predicts a prior radiation dominated phase, we study the phase space structure of
the model by including radiation as an additional cosmic component. For such a universe,





2 _H + 3H2 = HH0 ~   r
3
: (4.2)
The conservation equation for matter is given by eq. (3.3) and for radiation it is,
_r + 4Hr = 0 : (4.3)




























which will reduces to eq. (3.4) for 
r = 0. The deceleration parameter q and equation
























which are reducing to eqs. (3.7) and (3.8) for 
r = 0. In the radiation dominated case
(i.e., when 


























When radiation is the dominant component,universe there would be no acceleration in
expansion such that q > 0 and ! >  13 . These conditions constrains the bulk viscous
parameters as ~1 < 2 and ~2 < 2. In the extreme limit corresponding to the radiation
dominated phase, q = 1 and ! = 13 and is corresponding to
~1 = ~2.
4.1 Phase space analysis















Contrary to the previous discussion, here we take  = 0 as Case 1, = 0 + 1
_a
a as Case 2




_a as Case 3.
4.1.1 Case 1: with  = 0
Using eqs. (3.3), (4.3) and (4.4), the autonomous equations satised by the phase space
co-ordinates becomes,




















The Jacobian matrix for this can be obtained from eq. (4.20) by setting ~1 = ~2 = 0. The
critical points are,
1. (uc; yc; vc) = (0; 1; 1)
This corresponds to the radiation dominated phase of the universe. The eigen values
of the corresponding Jacobian matrix are,
1 = 1; 2 = 1; 3 = 2: (4.12)
All the eigen values are positive, indicating an unstable node (past attractor). The
equation of state parameter and the deceleration parameter corresponding to this
critical point can be obtained by substituting the values of uc, yc and vc in eqs. (4.7)
and (4.6), respectively, and are found to be ! = 13 and q = 1. These values conrms
that the point is the radiation dominated phase of the universe.
2. (uc; yc; vc) = (u; 0; 1)
The eigen values of the corresponding Jacobian matrix are,



















(uc; yc; vc) 1 2 3 Stability ! q
(0; 1; 1) 1 1 2 Unstable node 13 1




)  4  3  32 Stable node  1  1
Table 5. Critical points for Case 1: with  = 0.
These values shows that the point is a saddle point. The equation of state param-
eter and deceleration parameter are found to be, ! = 0 and q = 12 respectively
from eqs. (4.7) and (4.6), indicating that the universe is matter dominated without
accelerating, hence uc  1.




The eigen values of the corresponding Jacobian matrix are,
1 =  4; 2 =  3; 3 =  3
2
: (4.14)
The critical point is a stable node, since all the eigen values are negative.From
eqs. (4.7) and (4.6), the equation of state parameter, ! =  1 and deceleration param-
eter q =  1, independent of the value of ~0. This represent a de Sitter type phase.
Thus this case predicts a universe beginning with a radiation dominated phase (past at-
tractor) and then transit to a decelerated matter dominated phase (saddle point) and then
nally evolving to a de Sitter type universe (stable future attractor). Thus it has a close
resemblance with the conventional evolution of the universe. The results are summarized
in table 5.
4.1.2 Case 2: with  = 0 + 1
_a
a




















The Jacobian matrix for this autonomous system is given by eq. (4.20) provided ~2 = 0.
The critical points are,
1. (uc; yc; vc) = ( ~1; ~1 + 1; 1)
The eigen values of the corresponding Jacobian matrix are,

















The point will be unstable node if ~1 >  1, otherwise it will be a saddle point.
The equation of state parameter, ! = 13 and deceleration parameter q = 1, inde-
pendent of ~0 and ~1. Hence if ~1 = 0, the point will indicate an exact radiation
dominated universe.
2. (uc; yc; vc) = (1; 0; 1)
This corresponds to a matter dominated initial stage of the universe. The eigen
values of the corresponding Jacobian matrix are,




The point will be unstable node if ~1 <  1, a stable one if ~1 > 3 and a saddle
point otherwise. For this point, the equation of state, ! =   ~13 and the deceleration
parameter q = 1 
~1
2 . If
~1 <  1, then the values of ! and q will not represent a
conventional matter dominated universe. So only if ~1 = 0, this will represent a
conventional matter dominated universe without acceleration.
3. (uc; yc; vc) = (1; 0;
~0
~0 (~1 3))
The eigen values are,
1 =  4; 2 =  3; 3 = 1
2
(~1   3): (4.18)
The point will be a stable one if ~1 < 3, otherwise it will be a saddle point. The
equation of state parameter, ! =  1 and deceleration parameter q =  1, independent
of the values of viscous parameters, representing a de Sitter type universe. So If
~1 = 0, the point will be represent a stable future attractor with same values of
! and q.
In order to represent a realistic picture, the rst critical point must be a unstable (past
attractor) radiation dominated phase, the second must be a matter dominated phase with-
out acceleration (saddle point) and the third must corresponds to the stable accelerated
phase of the universe. Inorder to satisfy this, ~1 should be equal to zero. The results of
the analysis is given in table 6.












































(uc; yc; vc) 1 2 3 Stability ! q
( ~1; ~1 + 1; 1) ~1 + 1 1 2 Unstable node if ~1 >




(1; 0; 1)  (~1 + 1)  ~1 3 ~12 Unstable node if ~1 <











~1   3) Unstable node if ~1 < 3,
otherwise a saddle point
 1  1
Table 6. Critical points for Case 2: with  = 0 + 1
_a
a .








































The critical points (uc; yc; vc) of these equations are
1. (uc; yc; vc) = (~2   ~1; 1  (~2   ~1); 1)
For this solution to represent the realistic phase (for example, matter dominated or
radiation dominated) of the universe, the bulk viscous parameters should satisfy the
condition, 0  ~2  ~1  1. The eigen values of the corresponding Jacobin matrix are,
1 =
 2(~1   ~2 + 1)
~2   2
; 2 = 1; 3 = 2: (4.21)
The point will be unstable if ~2 2 < 0 and a saddle point otherwise. The equation of
state parameter and deceleration parameter corresponding to this critical point are,
! = 13 and q = 1.
2. (uc; yc; vc) = (1; 0; 1)
This point corresponds to a matter dominated phase of the universe. The eigen values
of the corresponding jacobian matrix are,
1 =






~1 + ~2   3
~2   2
: (4.22)
This critical point will be unstable if (i) ~2 > 2; ~1 > 1; ~1   ~2 >  1 or if (ii)
~2 < 2; ~1 < 1; ~1   ~2 <  1. The equation of state parameter and the deceleration
parameter corresponding to this critical point are, ! = 2
~1 ~2



















3. (uc; yc; vc) = (1; 0;
~0
~0 (~1+~2 3))




values of the Jacobian matrix are,
1 =  4; 2 =  3; 3 =  
~1 + ~2   3
~2   2
: (4.23)
The relation H0H =
3 (~1+~2)
~0
> 0 holds if ~0 > 0 and ~1 + ~2 < 3 or if ~0 < 0 and
~1 + ~2 > 3. Applying this condition to the eigen value 3 we nd that this critical
point will be stable (or future attractor) if (i) ~2 < 2 for ~0 > 0 or if (ii) ~2 > 2 for
~0 < 0. It is a saddle point otherwise. The equation of state parameter, ! =  1 and
deceleration parameter q =  1 implies a de sitter like universe.
The above critical points would represent the realistic evolution of the universe, if, suc-
cessively, the rst critical point is a radiation dominated one, the second one is a matter
dominated phase without acceleration and the last one be a matter dominated phase with
acceleration. For this, rst of all the values of the viscous coecients must be such that
~1  ~2. Under this conditions the critical points becomes










3. (uc; yc; vc) = (1; 0;
~0
~0 (2~2 3)), corresponding to accelerating phase with ! =  1 and
q =  1.
Then by analyzing the eigen values, it is found that the rst critical point (eq. (4.21))
will be a past attractor if ~2 < 2. Under this condition, the second critical point, given
by eq. (4.22), corresponding to the matter dominated phase, will be a saddle point. The
third critical point, corresponding to the accelerated phase, will be a stable one if ~2 <
3
2 .
However, under this condition, there is a chance for ! and q to become negative in the
case of matter dominated phase corresponding to second set of critical points (4.22). This
doesn't represent a conventional matter dominated phase of the universe. For this critical
point to represent a matter dominated phase without acceleration, it requires ! = 0 and
q = 12 . This is possible only if
~1 ' ~2 = 0. Due to this conditions, the nature of the rst
and the last critical points will not be aected. i.e., the rst critical point will be a radiation
dominated past attractor, the second one will be an unaccelerated matter dominated saddle
point and the third will be a stable node corresponding to a de Sitter phase. Thus it predicts
a universe starting from a radiation dominated era and then entering a decelerated matter
dominated phase and then nally evolving to the de Sitter universe.Thus we see that unless
~1 = ~2 = 0, the model doesn't predict a prior radiation dominated phase and a decelerated

















(uc; yc; vc) 1 2 3 Stability ! q
(~2   ~1; 1  (~2   ~1; 1)  2(~1 ~2+1)~2 2 1 2 Unstable node if










~2 2 Unstable node if (i)
~2 > 2; ~1 > 1; ~1  
~2 >  1, (ii) ~2 <









~0 (~1+~2 3))  4  3  
~1+~2 3
~2 2 Stable node if (i)
~0 > 0; ~2 < 2, (ii)
~0 < 0; ~2 > 2, Sad-
dle point otherwise
 1  1
aWhen ~1 = ~2 = 0, the critical point corresponds to w = 0, q =
1
2
implying a matter dominated universe
without acceleration.






We have done the phase space analysis of the universe with bulk viscous matter having
bulk viscous coecient of the form (i) = 0, (ii)  = 0 + 1
_a





First we have considered a universe containing bulk viscous matter alone and for the above
cases, the value of the bulk viscous parameters are extracted using SCP \Union" Type I a
Supernova data. Using these the asymptotic properties of the model are studied and phase
space for each cases are plotted. It is found that for all the three cases, it predicts a prior
matter dominated universe without acceleration, which is an unstable node and a stable
matter dominated universe with acceleration, similar to the de Sitter phase. However, for
the case where all 's are non zero, ! becomes greater than one for the initial singular
state, which may cause violation in the causality [55]. The same situation exist when 2 is
zero (i.e., for  = 0 + 1
_a
a). But for  = 0, no such violation arises.
Secondly we consider a universe including radiation and bulk viscous matter to check
whether it predicts a prior conventional radiation dominance also. The phase space analysis
of the model is done for the three dierent cases separately. For the case  = 0, it is found
that it predicts a universe beginning with a radiation dominated phase (past attractor)
and then transit to a decelerated matter dominated phase (saddle point) and then nally
evolving to a de Sitter type universe (stable future attractor). The other two cases, i.e.,
with  = 0 +1
_a




_a , predicts a stable accelerated phase of the universe
similar to a de Sitter type with ! =  1 and q =  1. However, these doesn't predicts a
prior radiation dominated phase and conventional decelerated matter dominated phase of
the universe, unless 1 = 2 = 0. There are approaches in the literature [29, 47, 48] where
bulk viscosity is included through  = m, but there is no guarantee that this approach
will give the same result compared to the present case, for instant in reference [56] it is

















Thus, the bulk viscous model, which is an alternative to dark energy, will predicts
all the conventional phases and evolution of the universe without causality violation, only
with constant bulk viscous coecient,  = 0. For the other two cases, with  = 0 + 1
_a
a




_a , even though explains the late acceleration of the universe [36], but
fails to predict the prior radiation dominated phase and the decelerated matter dominated
phase of the universe.
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A Validity of Generalised second law for the present model
In the FLRW space-time, the law of generation of the local entropy is given as [57]
Trs = (ru)2 = 9H2 ; (A.1)
where T is the temperature and rs is the rate of generation of entropy in unit volume.
The second law of thermodynamics will be satised if,
Trs  0 ; (A.2)
which implies from equation (A.1) that
  0: (A.3)




_a , it is found that the total  is negative when z > 0:8 [36],
thereby violating local second law in the early universe. But when  = 0,  always remains
positive through out the evolution of the universe (since 0 > 0) and hence satisfying the
local second law of thermodynamics.
However, if one consider the Generalised second law (GSL) which includes the total
entropy of the universe plus that of the horizon, it is found that total entropy is always on
the increase for total , if apparent horizon is considered as the boundary [36]. On taking
account of the validity of GSL, it can be reasonably argued that in the early universe
where  becomes negative, the total pressure becomes positive and the viscous matter
will act as an ordinary non-relativistic matter causing decelerated expansion. There are
conventional dark energy models which act as the non-relativistic matter in the early
phases causing decelerated expansion [58{61]. There are also works [62{65], showing that
the entropy change can become negative depending on the equation of state of matter. In
the current literature, there are publications dealing the problems with negative viscous
coecients [62]. In this reference the authors has point out that the positivity of  in

















non-equilibrium system is positive, and they argues that the possibility of allowing for
negative values of  is not so unreasonable in view of the general bizarre properties of the
dark energy uid, as far as temperature is positive. Apart from this our model also satises
GSL with total .
Now we will consider event horizon as the boundary for analyzing the validity of GSL





























4:16 + 2:65 arctan[0:58  1:4pa]  1:53 log[0:97 + 1:18pa]
+ 0:76 log[0:94  1:14pa+ 1:38a] : (A.6)






2 is the area of the horizon. So entropy becomes
SE = RE
2 : (A.8)
The temperature of the event horizon can be dened as TE =
1
2RE
. Using these we get [66],
TE _SE = _RE = HRE   1 : (A.9)
The entropy of matter can be obtained using the Gibb's relation,
TmdSm = d(mV ) + PdV
= (m + P )dV + V dm ;
(A.10)




E is the volume enclosed
by the event horizon. Using the expression for pressure P =  3H0 = HH0 ~0 (~0 = 3H0
is the dimensionless viscous parameter), the conservation equation and the relation _RE =
HRE   1, we get
Tm _Sm = 4R
2
E(HH0
~0   3H2) : (A.11)
Under equilibrium conditions, the temperature Tm of the viscous matter and that of
the horizon TE are equal, Tm = TE = T . Adding eqs. (A.9) and (A.11), we get,
T ( _SE + _Sm) = 4R
2
E(HH0

































Figure 4. Plot of T ( _SE + _Sm) with respect to the scale factor a.
For GSL to be valid, T ( _SE + _Sm) > 0. We have check the validity by numerically plotting
eq. (A.12) with respect to a and is shown in the gure 4.
The plot shows that the GSL is violated when we take event horizon as the boundary.
So, in our model GSL is satised at the apparent horizon but violated at the event horizon.
At this juncture, one may note that a more novel GSL was proposed by Bousso et al. [67]
regardless of whether an event horizon is present. However, the validity of this new GSL
is to checked for our model
There are many works in literature in tune with our result regarding the validity of
GSL. In references [68, 70], the authors have shown that in general, for an accelerating
universe, GSL of thermodynamics holds only in the case where the enveloping surface is
the apparent horizon, but not in the case of the event horizon. There are also many
other dark energy models which shows the same behavior. Some models are viscous
model [69, 71], interacting dark energy model with dark matter [66], Holographic Ricci
dark energy model [72, 73], DGP model [74], braneworld model [75]. In all these refer-
ences, it is found that the event horizon in an accelerating universe is not a boundary from
the thermodynamical point of view. In lieu of these, apparent horizon can be considered
as the proper thermodynamic boundary.
B Statender parameter diagnostic for  = 0 (comparison with CDM
model)
For comparison we have make use of the statender parameter diagnostic introduced by




































































Figure 5. The evolution of the model in the r-s plane for the best estimates of the parameter ~0.






































The fr; sg plane trajectory of the model with  = 0 is shown in gure 5.
The plot lie in the region r < 1; s > 0, which is the general behavior of any quintessence
model.
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